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Abstract 
This paper presents the implementation of element free Galerkin method for the stress analysis of structures having cracks at the 
interface of two dissimilar materials. The material discontinuity at the interface has been modeled using a jump function with a 
jump parameter that governs its strength. The jump function enriches the approximation by the addition of special shape function 
that contains discontinuities in the derivative. The trial and test functions of the weak form are constructed using moving least-
square interpolants in each material domain. An intrinsic enrichment criterion with enriched basis has been used to model the 
crack tip stress fields. The mixed mode (complex) stress intensity factors for bi-material interface cracks are numerically 
evaluated using the modified domain form of interaction integral. The numerical results are obtained for edge and centre cracks 
lying at the bi-material interface, and are found to be in good agreement with the reference solutions for the interfacial crack 
problems. 
 
© 2014 The Authors. Published by Elsevier Ltd. 
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1.0 Introduction 
The increasing demand of multifunctional materials (having resistance to corrosion, wear, stiffness, thermal 
and chemical resistance) in mechanical, aerospace and biomedical applications has imparted the layered materials, a 
coveted place in the world of engineering materials. Layered materials are found in a variety of important structures 
such as adhesive joints, composite laminates, and various electronics and optic components. The interaction between 
materials results in local load distribution and determines the overall strength and fracture behavior. The abrupt 
change in properties at the interface is one source of failure of layered materials, unlike the behavior of 
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homogeneous [1] materials. Unlike crack problems in homogeneous bodies, the bi-material interface crack always 
induces both opening and shearing mode behavior for mode-I loading. This coupling of stress intensification was 
first demonstrated by Williams [2] who used an Eigen function expansion approach. The stress singularity in the 
vicinity of a crack tip of a bi-material interface crack is oscillatory in nature along with the presence of r/1
singularity [2]. Various numerical methods for evaluating the stress intensity factors of bi-material interface cracks 
have been developed such as finite element method (FEM) and boundary element method (BEM). Yau et al. [3] 
applied the M- integral method with FEM. Matos et al. [4] used the virtual crack extension method in conjunction 
with the superposition method and FEM. Miyazaki et al. [5-6] applied the virtual crack extension method and M- 
integral method with BEM. Ikeda et al. [7] presented the efficient numerical procedures in conjunction with FEM 
for the analysis of an interface crack under thermal stresses. Bi-material interface cracks have also been simulated 
by using extended finite element method (X-FEM) [8]. 
In the present work, EFGM has been implemented for the analysis of interface cracks lying between two 
dissimilar materials. The material discontinuity at the interface is modeled using jump function with a jump 
parameter that governs its strength. The jump function enriches the approximation by the addition of special shape 
function that contains discontinuities in the derivative. The trial and test functions of the weak form are constructed 
using moving least-square interpolants in each material domain. A standard intrinsic enrichment criterion with 
enriched basis has been used to model the crack tip stress fields. The mixed mode stress intensity factors for bi-
material interface cracks are numerically evaluated using the modified domain form of interaction integral approach.  
2.0 Review of Element Free Galerkin Method 
In EFGM, a field variable u  is approximated by moving least square approximation function )(xhu  [9], 
which is given by 
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where, p(x) is a vector of basis functions, )(xa  are unknown coefficients, and m  is the number of terms in the 
basis. The unknown coefficients )(xa are obtained by minimizing a weighted least square sum of the difference 
between local approximation, )(xhu and field function nodal parameters Iu . The weighted least square sum )(xL  
can be written in the following quadratic form: 
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where, Iu  is the nodal parameter associated with node I  at Ix ; Iu  are not the nodal values of  )( Ihu xx −  because 
)(xhu  is an approximant and not an interpolant; )( Iw xx −  is the weight function having compact support 
associated with a node I , and n  is the number of nodes in the domain of influence of the point x , 0)( ≠− Iw xx . 
By setting a∂∂ /L =0, a following set of linear equation is obtained as: 
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By substituting Eq. (3) in Eq. (1), the approximation function is obtained as: 
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3.0 Governing Equations of Bi-Material  
The treatment of material discontinuity in the EFGM is demonstrated by considering a linear elastostatic 
problem. For simplicity, two distinguishable materials separated by a single interface, sΓ  as shown in Fig. 1 is 
considered. This interface is defined by n , the unit outward normal of −Ω  along the material boundary. The 
governing equilibrium equation is given by 
     Ω=+∇ in0bı.             (5) 
along with associated boundary conditions 
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          tΓ= onˆ. tnı              (6) 
          uΓ= onuu              (7) 
 
where, ı is the Cauchy stress tensor and b  is a body force vector, t  is the specified traction on a surface, u is the 
specified displacement field and nˆ  is the unit normal to the domain. A perfect interface has been assumed, and 
hence the traction and displacement are assumed to be continuous across the interface sΓ . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.1 Modifications for Material Discontinuity  
Few modifications and additions are introduced in EFGM to solve the bi-material interface crack problems. 
Material discontinuity i.e. weak discontinuity has been modeled by a jump function and interface crack i.e. strong 
discontinuity has been modeled by intrinsic enrichment criterion. These changes provide EFGM an ability to solve 
the problems involving material discontinuities. The modifications in the approaches are discussed below:  
3.2 Jump Function Approach 
In this approach, the discontinuities in derivatives are incorporated by using a jump function in the solution. 
The enrichment of EFGM approximations is done by adding special shape functions (jump functions) that contain 
discontinuities in the derivative [10, 11]. The jump shape functions have compact support which results in banded 
matrix equations. Consider a two dimensional model having dn  lines at which discontinuities in derivatives exist, 
then the approximation becomes 
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where )(xEFGMu  is the standard EFGM approximation, which is given as   
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Jq is the jumps amplitude parameters, ( )J rΨ  are the jump shape functions, and s  provides parameterization of the 
line of discontinuity. Jq is discretized as follows: 
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where, IN  are one dimensional shape functions which need to be 
1C  so that they do not introduce any 
discontinuities in the derivatives except at the discontinuity line. From Eq. (8), it is clear that the constant and linear 
−Ω
+Ω
−n
sΓ
−n
−−− Γ+Γ=Γ ut
−+ Ω+Ω=Ω
 
+n
x
y
Fig. 1: Two-dimensional inhomogeneous body 
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fields will still be reproduced exactly when 0=Jq . The distance to a closest point on the line of discontinuity is 
denoted by r , which is taken positive on one side of the discontinuity and negative on the other side. The jump 
shape function is constructed from the polynomials with a built-in discontinuity in the derivatives. Let JΨ be equal 
to ( )J JrΨ , where J J mIr r d= ; Jr is the distance to the thJ point of discontinuity and mId  is the domain of influence. 
A cubic spline jump function [10] used in the present work is given by, 
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4.0 Numerical Implementation 
The numerical implementation of the present work was carried out using MATLAB programming. A cubic 
spline weight function was used for generating the EFGM shape functions along with a domain scaling parameter
)5.1( max =d . The numerical evaluation of stress intensity factor was carried out using interaction integral method. 
The geometry has been discretized using 25 uniformly distributed nodes along x -direction and 50 nodes along y -
direction i.e. total 1250 (25x50) nodes and 1176 (24x49) background cells. The mixed mode stress intensity factors 
IK  and IIK  were evaluated using the domain form [12] of the contour interaction integral [3]. The domain form of 
interaction integral [13] can be written as 
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where, q is an arbitrarily smooth scalar weighting function that is unity at the crack tip and zero on the contour C . 
The auxiliary displacement fields for an interfacial crack can be extracted using the stated equations, and the 
interaction integral is related to the stress intensity factors through the relation [14].  
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aux
IK and 
aux
IIK  are local auxiliary stress intensity factors for the auxiliary fields and 
*E is the equivalent 
Young’s modulus and ε  is the bimaterial constant [13] of the bi-material system. By selecting 1=auxIK  and 
0=auxIIK  and evaluating I , one can compute IK  and can proceed in an analogous way to evaluate IIK . 
5.0 Results and Discussions 
Two different cases of bi-material interface cracks have been considered in this study. In both the cases, the 
crack remains parallel to the interface. A plane stress condition has been assumed. The results are presented in the 
form of normalized SIF as aKi πσ . 
5.1 Edge Crack Bi-material Plate under Tension 
A bi-material plate having an edge crack of length a , is subjected to traction on upper and lower 
boundaries as shown in Fig. 2a. The plate dimensions are scaled with, units3=W , units9=H and far field 
applied stress unit1=oσ . The values of Poisson’s ratios are taken as 3.021 ==νν . In order to demonstrate the 
validity of the proposed method for edge interface crack problems, the results are obtained for the several ratios of 
Young’s moduli 100,10,2/ 12 =EE , and crack lengths 6.0,5.0,4.0,3.0,2.0/ =Wa , where 1E  is kept fixed 
at 100 units. The results in Ref.1 are taken from Matsumto et al. [15] and in Ref.2 are taken from Liu et al. [16]. 
Contour plots shown in Fig. 2 shows that stress ( yyσ ) are continuous (Fig. 2b) while a significant jump is present in 
the magnitude of strain ( yyε ) at the interface (Fig. 2c). Figure 3a shows the variation of normalized stress intensity 
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factors i.e. IK and IIK  with varying crack length for 2/ 12 =EE . The results show that with increase in crack 
length, IK is increasing while IIK  goes on decreasing. Next, the EFGM results are obtained for 100/ 12 =EE  by 
increasing the length of the crack as shown in Fig. 3b. It can be clearly seen from Fig. 3 that the values obtained by 
EFGM are quite close to the reference values. The maximum percentage difference of EFGM results with reference 
solutions is less than 4%. From these simulations, it is noticed that the discontinuity in strain field has been observed 
due to the change in material property i.e. Young’s moduli at the interface. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5.2 Centre Crack Bi-material Plate under Tension 
A rectangular bi-material plate with an interface crack at the center has also been considered as shown in 
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Fig. 2: Stress-Strain contours over the domain
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Fig. 3: SIF variation for different ratio of 12 / EE  
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Fig. 4a. The width )(W  and height ( H ) of the plate are taken as 100 mm and 200 mm respectively. The material 
interface is kept horizontal at a distance of 2H  from the bottom of plate. A tensile load of 9.8 MPa is applied in a 
direction normal to the interface. Two different cases of crack length, 2a i.e. 40 and 80 mm are considered. Young’s 
modulus of the lower material ( 1E ) is kept constant at 205.8 GPa.  For both material 1 and 2, the values of Poisson’s 
ratio are taken as 0.3. The results are obtained for different ratios of Young’s modulus. The results are normalized as 
aKi πσ  ( i =1, 2) so as to obtain non-dimensional values corresponding to both mode-I and mode-II stress 
intensity factor. The results are compared with the available results in the literature i.e. Ref.1 [5] and Ref.2 [8] 
obtained by BEM and X-FEM respectively. 
For a particular crack length and 100/ 12 =EE , the contours of yyσ  and yyε  were plotted in order to 
have a clear visualization of stress and strain fields along with establishing the modeling capability of the method. 
Contour plots shown in Fig. 4 shows that stress ( yyσ ) are continuous (Fig. 4b) while a significant jump is present in 
the magnitude of strain ( yyε ) at the interface (Fig. 4c). This jump in the magnitude of strain is due to the sudden 
change of material property at the interface.  Figure 5a shows the variation of normalized stress intensity factors 
with the variation of 12 / EE  for a crack length of 40 mm. The values of stress intensity factors have been evaluated 
at the right tip of the crack. The analysis shows that the normalized values of IK  and IIK  show a decreasing trend 
with the increase in 12 / EE . Moreover, the results obtained by EFGM are quite close to the reference solutions. 
Another simulation is performed for a crack length of 80 mm, and the results are plotted in Fig. 5b. From the results 
presented in Fig. 5, it can be clearly seen that the EFGM results are in good agreement with the reference solutions 
available in the literature. The EFGM results are plotted along with the reference solution as shown in Fig. 5. The 
values of IK  are found to be quite close to Ref.1 solution with a maximum error of 5% for 100/ 12 =EE . 
From these two simulations of bi-metallic interfacial cracks it was observed that the EFGM in capable in 
modeling the interfacial cracks in an efficient way for a wide range of crack length and material incompatability. 
Moreover, the stress-strain contours prove the capability of jump function criterion in EFGM to simulate the 
derivative discontinuity at the bimaterial interface. Thus, the merits EFGM method over the traditional mesh based 
method can also be exploited for simulating the crack propagation problems in bi-materials.    
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6.0 Conclusion 
In the present work, element free Galerkin method has been implemented for the analysis of interfacial 
cracks lying between two dissimilar materials. The material discontinuity at the interface has been modeled by a 
jump function, which enriches the approximation by addition of special shape function that contains discontinuities 
in the derivative. The crack has been modeled by an intrinsic enrichment criterion. The mixed mode stress intensity 
factors for bi-material interface cracks are numerically evaluated using the modified domain form of interaction 
integral approach. The numerical results were obtained for an edge crack and a centre crack lying at the interface of 
bi-material. The numerical results obtained by EFGM were found in good agreement with those available in 
literature for both interfacial crack problems. This method for the treatment of bi-material interfacial cracks is quite 
simple from the implementation point of view as in this approach, a discontinuity in materials was modeled though a 
jump function, and a crack at the material interface was modeled by intrinsic enrichment only. The simplicity and 
accuracy of this implementation shows that it can be further applied to study and analyze the complex interfacial 
failures of multi-layered dissimilar materials. 
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